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ABSTRACT 


This paper provides the conceptual foundation for stochastic-duels 
and then develops a modest extension to more realistic combat situations. 
Simple stochastic models for the fundamental duel and the classical duel 
are reviewed. A modest extension is developed for the theory of multi- 
ple duels: when all firing times are continuous random variables, an 
expression for the prodability of winning such a duel is derived by 


using the theory of continuous-time Markov chains. 
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I. INTRODUCTION 


In the nineteenth century, Von Clausewitz [Ref. 5] remarked that 
"war is nothing but a duel on a large scale." Subsequently, in the 
twentieth century, the theory of stochastic-duels was developed by C. J. 
Ancker [Refs. 2, 3, and 4] and others to mathematically look at such 
duels in order to have a mathematical basis for studying modern combat. 
Thus, the theory of stochastic duels considers combat at a microscopic 
level (individual fires opposing each other), whereas at the other 
extreme the Lanchester theory of warfare considers it at a macroscopic 
level (large groups of homogeneous fires opposing each other). This 
thesis will review the conceptual foundation of the theory of stochastic 
duels (in particular, one-on-one duels) and then develop a modest 
extension to more realistic combat situation (namely, two-on-one duels). 

Additionally, the author hopes that his exposition about this 
material concerning one-on-one duels makes the concept more accessible 
to the professional military officers. Thus this expository material 
Strives to be simple (but yet complete) and self-contained (and hence 
full details will be supplied to the reader). It also sets the stage 
for the extension to multiple fires (i.e., the two-on-one duel). 

Let us now consider the nature of the theory of stochastic duels in 
more detail. It is concerned with the microscopic features of combat 
such as kill probabilities of individual rounds, times between rounds 
fired, ammunition limitations, etc. In the theory of stochastic duels, 


two duellists (usually denoted as A and B) fire at each other until one 





or the other has been kitled. fhe times between the firing of suc- 
cessive rounds by each dueilist are frequently taken to be random 
variables, pairwise independent. The simplesz case is that in which 
there is a single duellist on each side (1.e., one-on-one duel). 

There are two basic cases for stochastic duels that have been dis- 
tinguished in the literature: 1) the fundamental duel, and 2) the 
classical duel. In the fundamental duel, the two duellists have un- 
limited ammunition and each starts with an unioaded weapon. Specific 
solutions have been derived for a general! firing-time distribution and 
also for exponentially-distributed firing times. Later in this thesis 
we will give a simple development of the expcnertial firing time results. 
In the classical duel, each duellist starts wit a ‘oaded weapon, they 
fire simultaneously at the beginning of the due:, ani then they proceed 
as in the fundamental duel. When the firina tim: is discrete, the 
solution for the stochastic duel has been derived by using a special 
technique [Ref. 3]. When the firing time i5 continuous, the solution 
for the stochastic duel is derived by using the theory of continuous- 
time Markov chains. In Chapter IV, a wnumerical example is considered 


and corresponding parametric resuits are araphically presented. 





II. SOME BASIC STOCHASTIC-DUEL MODELS 


In this chapter we will consider some simple (but yet basis) sto- 
chastic-duel models for: 1) the fundamental duel, and 2) the classical 
duel. In the fundamental duel, the duellists each start with an un- 
loaded weapon, load their weapons, and then fire at each other until one 
of them is finally killed. In the classical duel, they both start with 
loaded weapons, fire their first rounds simultaneously, and then proceed 
as in the fundamental duel. In this chapter, specific solutions are 
derived for both the fundamental duel and also the classical duel for 
the special case of exponential firing times (which is of fundamental 


importance for understanding future enhancements). 


A. ‘Hr FUNDAMENTAL DUEL 

In the fundamental duel, two duellists, A and B, start with unloaded 
weapons and then fire at each other until one is killed. A's firing 
time (the t*me between rounds) is a random variable with a known prob- 
ability density, f(t). B's firing time is similarly characterized by 
the density, Fa(t). Successive firing times are selected from F(t) and 
F(t), independently and at random. Each time A fires, he has a fixed 
probability Pa of killing B. We will denote the probability that B is 
not killed as oe and hence Py + Qa = l. Similarly denoted as Pp» with 
its complement being similarly defined (ij.e., Pp * Gp = 1). After the 
starting signal, each contestant loads his weapon, aims, and then fires 


his first round. In other words, in the fundamental duel the duellists 





start with unloaded weapons. Both (A and B) have unlimited supsiies of 
ammunition that, among other things, makes a kill by one of them an 
uitimate certainty. A wins if he is the one to first score a kili. fhe 
probability of this will be denoted as P(A), and p(A) + p(8) = 1, where 
p(B) denotes the probability that B wins. 
1. Development of Results for Fundamental-Duel Model 
In this section we develop an expression for the propability 
that Combatant A wins a "fundamental duel" against Combatant B, denoted 
as p(A), in the case in which the firing times are exponentially distri- 
buted. Our final results for p(A) is given by equation (15) below. 
In order to develop an expression for the probability that A wins 
the duel, we consider the combatants to be decoupled, i.2e., each con- 
batant fires at a passive target (one that does not return fire). Let 
k(t) denote the probdbility density for the time for A to kill his 
passive target and K,(t) denote the corresponding cumulative distribu- 


tion function, j.e., 


ic 
Ka(t) = / Ky(s) ds 
We similarly define ka (t) and Ka(t), j.e. 

iC 
Ka (t) pf kp (s) ds 


Then in order for A to win the duel he must kill his target before B 


kills B's target. In other words 





PCA) = Prod LT, < Tp], CL) 


Where Th, denotes the time [the random variable corresponding to k(t) J 


and similarly for T, [Ref. 6]. 


t 
p(a) = f {1 - Kyls)} d Ky(s) (2) 
0 


or 


Ie 
p(a) = f {2 - Ky(s)} d kp(s) ds (2) 


0 


The above expression holds itn general, but we stil] must develop expres- 
sion k(t) and Kp (t) based on our model. In other words, if we assume 
that, for example, we know the distributions of firing times and know 
the corresponding single-shot kii1 probabilities, we must combine these 
into a time-to-kil!l distribution. 

Thus, we assume that A's firing time (i.e., the times between 
rounds) are exponentially and identically distributed, with common 


probability density as FC%). Thus 


where ry denotes the firing rate cf A. If we assume that the probabil- 
ity that A kills his target with any one round is consistant for all 


rounds and denote this probability as Pa» then 


nth round kills 
target 


el 


Piola) i 1 = Pada G3) 


10 





where i I-p,. 


Prob [ 


- Prob 


now 


A fires 


Prob [ between 


> Prob 


then 


A fires 


Prob [ between 


or 


A fires 


Prob [ between 


Thus, 


A takes time between t 
and t+At to kill target 


1@ ¢) 
= nth rounds 
]= 3 “POD kills target 
n=1 


c A fires nth rounds ] 
between t and tt+At 


nth rounds 


t and tt+At a> Probe (n-1) rounds by t ] 


A has fired 


[ A fires one more ] 
round from t to t+At 


nth rounds 7 
t and ttAt 


nth rounds ; 
CraradectAt 


~ (nT), 


nod 
(ryt) a res 


~ Tred), e A 7 rat 
n,n-1 
eam & 
A e mvs ave 


th 


J 


(4) 


(5) 


(6) 





Since [Ref. 1] 


Peoon A has fired Ve (rat) nee | (7) 
x (n-1) rounds by t (n-1), ji 
and 
A fires one round z , 
Prob [ between t and t+At = yee (8) 
Substituting (3) and (6) into (4), we obtain 
co - nnd 
A takes time between ” S eae alae Tint 
Prob t PeanGgeetNescooKi) | target i Pada (iaae ee 
na 
ee) 
CG tae ae) 
2 ip 5 S AA 
raPa e A At CoDye (9) 
n=l 
or 
A takes time between t _ Wei 
rae (Ld alive coer target 1 = Pat, @ (19) 


eZ 





Thus 


k(t) =] Nw 2 PATA 
and 

k(t) =e Para’ 
Similarly, 

ky (t) = Pals 2 BBS 
and 

Kp(t) = e Pe"B’* 


Substituting (12) and (13) ‘nto (2), we find that 


Pata 


20: eee 
Pa Pp ee 


Which is our fina! result. 
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Gis) 


rz) 


(13) 


a) 


(15) 





Bee file CLASSICAL DUEL 

In contrast to the fundamental duel, two duellists, A and B, start 
with loaded weapons, fire their first rounds simultaneously, and then 
proceed as in the fundamental duel. In order to develop an expression 
for the probability that A wins a "classical duel" against Contestant B, 
denoted as P(A), in the case in which the firing time are exponentially 


distributed. The final solution p({A) is given by equation (21) below. 


A kills B on B does not kill A 


Prob [ A wins J = [ the lst round J: on the ist round ] 


Neither is killed A wins the 
mermck t on the lst round J Ftles subsequent duel j (16) 
now ; 
Noe 11S Beon _ 
MND IE ies figs ene 2 eA (17) 
B does not Kill A, _ 
al) on the lst round ] 98 (18) 
Neither is killed , _ Q 
Prob t on the lst round ] Gq * 4g Lt) 
Prob ¢ & Wins the feat). = (20) 
subsequent due] f Pata * Pats 


14 





where PCA) ¢: the result of the fundamental due! substituting (10), (18), 
(19), and (20) into (16), we find 


DGamtpatan tet, ) 
wR BB A 
A&A RB 


which is our final result. But in the classicai duel, the following 


case will happen, i.e., Contestant A and Contestant B will be killed on 


the first round. Therefore 
PCA) +°PCBeS 1 


thus 


P(A) + P(B) + FCAB) = 1 


where p(AB): the probability that both are kiiied on the first round. 


PRAB)) = 1 = PCA) = Pee) = PsPp (22) 


Is. 





ITI. AN EXTENSION TO MULTIPLE FIRES 


A. OISCRETE FIRING TIME 

In a discrete firing time, two duellists, A and B, start with un- 
limited ammuni*:ion, fire at each other with fixed kill probabilities Pa 
of kilting B. Similarly denoted as Pp of killing A. They start with 
unloaded weapons and fire at fixed intervals a and b respectively. This 
is simitar to a situation in which each duellist is armed with an auto- 
matic weapon. 

1. Development of Results for Fundamental-Duel Model 

Tr; order to develop an expression for the probability that A 

wins the fundamental-duel, we will assume that a and b (fixed firing 
intervai) are rational numbers if a and b can be reduced to a/8 where a 


and 8 are relatively prime integers. And we define 


<< ee r a=ngp+r | Sy) 


wnere m is an integer and r is the remainder. 


The total probability of A‘s total success on the jth rounds 


[Ref. 3], i.e. 
j= 
A's total success 5 _ fist eth ; Kill on the 
oh the jth round ]= > -oundfaiy, 2” CE jth rounds ] 
ie 
ion B is falling on ] (24) 


his first K round 


16 





h ean a 
where j 5 
then 
10 2) 
As tOtd) success | S ae k 
PC oon the jth round = (qq) (Pa) (dp) (25) 
j=l 
or 
i , 
A's total success , _ n S Vee Melee) C) | ; 
a on the jth round J PaQg Sq 4B B (26) 
1S 
let 
e a r 
ea -~) = ; 
aes), (3) oad 


where Lx J: largest integer equal to or less than the number Ae 


Assume 

en on oe ee aut its AT bas 

[x, + kB] = (x, + K.] = Cx] + K (27° 
thus, 

n = 
PT eo cOcdimSUCCESS soe Pap > A eeeex = J 
on the jth round 8 a Ga 4g J 
dy 4g 


j=l 


17 


gi 
PA j , (*DG)] 
= eo. % 35 B 
(I-a"ag')) * ; 
i= 





n 
eis Shs ato | Z (pA C=. . (ash 
encmTa | fs * Iq 3 iv tq, 2" +.q Op 
(1-qn' 4p ) 
Pa a 50 = 
F Bay ag B+ Qydg B+... + agi) gg! (Ref. 31 
(1-qy dp ) ; 
(28) 
a C 
where n= tel : r=a-np, and xi = (Cir) 51 
Similarly 
Cee le 
Picetctal sleeess . shueehB, ( ¢ K [(K+1) 2} 
Pl on the jth round 7 Sy 4B 4A ° ; Be 
Gieg, 4a } i 
a <=0 


which is our final results for ‘the fundamental duel as the equation 
25). 
2. Development of Results for Muitiple-Duels Model 
In this section we develop an expression for the probability 
that Contestant A wins "multiple-duels" against Contestant B. In this 
duel, there are two contestants on the A's side and one contestant on the 


B side as shown in Figure l. 
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Figure 1. The Situations of Duel 


Each time A (A,,.-Ao) fires, A has a fixed probability Pa of sar ing 
B. We will denote the probability that B is not killed as ore and hence 
ee Iq 1. Similarly denoted as Pp» with its complement being simi- 


larly defined (i.e., Pp + q, = 1). Both (A and B) have unlimited ammu- 


B 
nitions. If the B contestant kills an A, (or Ay) he immediately shifts 
his fire to the remaining A. In this situation, the probability that 


the side "A" can win is the following: 


"A" side kills B and 
both A, and A» survive 


ial id 
Te 


J ] 


"A" side kills B and one "A" (A, or Ag) 
are to be killed and only one A survivor 


J 


io 





thus 


Both A, and 


Pt Ap survive 


eon Ayeom A> Or botn Kil) B} » p{B fails te ki1?} 


iv ¢) 
ee S p {on j-1 rounds no kills} + p {A, or Ao or both kill B on jth round} 
a1 
- p {B fail to jth round} 
a 2 
- dg (1 - gq, ) 
° ‘ : : (1 - y,° -ay) 
at 4a 9B 
and 


ve) 
P [ one A (A; or Ao) survive ] = » PCO ieonieiat rounea, 
Jel 


* {p (B kill A, or Ag and A fail to 3) P(A) 


+ p (B kill one A and A kill BY} 
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thus 


10) 
one A (Ay or 4 L S 2 jel. i ete 
PL Ao) survive ~ ; (dy 4p) PB Wa Peg 
jel 
. (qy* + ag)* + py (1 = 94°) (31) 


where PCA) is the results of a fundamental duel in which a=b (fixed 


firing time). 


Thus, 


Pa Je ) 
P_(A) = TI-a, > a5) [from the equation (28)] (32) 


Substituting equation (32) into equation (31), we find that: 


The side Bcth A, and 
i [ Wai 


wins J=Pt A | 
Ins 9 survive 


One A (A, or 
Ao) survive 


irate J 


2 
Py (1 + Gn Pp - Qn * Op) 
_ TA ATB A ; B (32) 
(1 - dy Gg) (1 - ay” * Gp) 


alt 





Samilarly, 


08 
The side _ Zor ae BRpeetee: 
ee idee Gy p+ a, P,(B) (33) 
j=1 


where P -(B) 1s the results of the fundamental-duel in which a=b. 


Therefore, 


The side 4 _ Pa A 


Ppa (34) 
el C= Gre Gs = Qa’ 


* Qp) 


Let us denote P(AB) the probability of draw. 


§ 


Then, 


fo) 


P(AB) = > nok) |seonmy-. round) = 0 €B. kill one A) 
ae 


: one A and B have 
p (A does not kill B) - p ¢ eT oredr 


M/s 


(qa + ap)F+ + (Pa) + Cay°) + PeCAB) (35) 


qu 
if) 
~ 


LM 





where P -(AB) is the result of the fundamenta! cue's with a=b. 


Py g 
SG) pee ea (36) 
L-a,° q 
A B 
But when a=b, P (AB) = Teeontas (37) 
A “B 
Substituting equation (37) into equation (35) 
2 
DP, p 
P(AB) = sa (38) 


= m ees 
(1 - Gy9p) (1 - G,0 * Gp) 
which is our final solution as the equation (32) and equation (34). 


B. CONTINUOUS FIRING TIME 

In this duel, two duellists, A and 8, start with unloaded weapons 
and then fire at random. But 5's sides has two weapon systems and A's 
Sides has only one weapon system. A's firing time ts a random variable 
with a known probability density, f(t). B's firing time is similarly 
characterized by the density, fa(t). Successive firing times are 
selected from each density independently. We will denote r the time 


between round fired (j.e., ry for A system and ra for B systems) and the 
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firing interval between rounds is independent. Both systems has un- 
jimited ammunition and fire each other with fixed kill probability Pa 


for A system and Pp for B system as shown in Figure 2. 


On 


x, (t), Pp> Xp 


on “>a = TaPa 


Xo (ti, Pp» Ag 


Figure 2. Combat Situations 


If we assume that y(t) and x(t) are the state of each weapon system at 


time t, then 
(t)= { 1: A contestant was not killed 
y 0: A contestant killed 
and 
i = 1: B (By or Bo) contestant was not killed 
Xo(t) 0: B (B, or Bg) killed. 
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Let us consider the state of duel in Figure 3. 


X(t) 
(0,1,0 : a a a eas B Ol Il 0) 
a 
a 
o> | 
. M | 
(eds) 22 aed!) ! 
| 
? pA, x, (t) 
" (1,0,0) 
=3 
70,051) a 7 (105) 
FM: Starting Poin: 
(t) at ee 
* _.: Transition Rate 


(where i=1,2,...) 


Figure 3. The State of Duel 


where points (A), (B), and (C) are the point of B's winning and sniy 
point (£) is the point of A's winning. Ouring the At, the transition 


rates are the following: 


Zo 


Giyeepaly hit X>, <,miss yo and X, miss y } 


-- ri A => ° = 
(4 An Aye)! Cy ApAt) Cr ApAt) 
2 ZS 
=e = 1 ° 
—-> A,At ApAt + 4 An Ap (he 
= 4s NA At 
therefore 
can At 
a | 
Transition rate a, = At 4 An 
(2) P Ly hit x,, X» miss y and x, niss y] = 4 Aq At 
Similarly, Transition rate co = % An 


Meyer §xX, hit ¥, xX» miss y and y miss x,] = (ApAt) (1-A,At) C1-A At) 


tI 


ApAt 


Transition rate Ws = Ap 


(4) P [xp hit y, x; miss y and y miss xo] = ApAt 


Tl 
> 


Transition rate 4 
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~ (5) P [x5 hit y, and y mis xo] 


Transition rate as = Ap 


(6) P {Ly hit x5 and xX» miss y] 


Transition rate d¢ = “6X py 


(7) P [Ly hit x, and x, miss y] 


Transition rate ays = “Ay 


(8) P [x, hit y and y miss x,] = (Ap At) (1-A Tt) 


Transition rate ag = Ap 


(ApAt) ; (1-A At) 


(CsA At) (1-A, At) 


CsA,At) (1-A,At) 


mie we assume that Pi (i = 1, 2, ...... 8) are the transition pro- 


bability, P(A) and P(B) are the following: 


PCA) Po ‘ Ps + Pe P- 


and 


P(B) P. ate Po : Ps ste at . Pe 


at 


(39) 


(40) 


Where nn - 
1 (Aes on ta) 6X 1» + “51 ns Ap + Np 
1 
— a ~ vy. 
2 (GUE Ce “6A BEN OS Ap t Ay 
ae Gg + Oy, = Nn y Xp 
Zee (@ectnone tan tee) on = 75 9 + Ag + Ay 
therefore Hie b> eS 
r 
a Pe a ene. 
2 Cea = Nees "6d 9 
1 
a eae ae 
6 (ds ts Og ) = ’ 45d 
B A 
i 
pS = [eeee eee e.. 
Y (a7 + Og) = 75 p + Ag 
r 
ea a __ 8B 
8 (as + Ag ) = aN aa 
A B 
therefore 


P(A) = Pp > Po + Py > Py => + ( SN (41) 
Ayt2dp /\AgteA, Agt2hp /\eA the 
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Similarly 


P(B) = Pp. + Po SN oe dec Fg i PCA) 


1 1 
ey re neers | nen | OMA 2A. INGA + A 
A “Ag a * “Ap/ Mp A A By epee 


eZ) 


Which is the final resuits as the equation (41). 
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TV. NUMERICAL EXAMPLE 


A. THE FUNDAMENTAL DUEL 

Two duellists, A and B, start with unloaded weapons and then fire at 
each other until one is killed. A's firing time (the time between 
rounds = ra) is 5 rounds per minute. B's firing time (rg) is also 5 
rounds per minute. Each time A fires, he has a fixed probability 
a iar 0.6 of killing B. We will denote the probability that B is not 
killed as qa, = 0.4, and hence Py + Pg = 1. Similarly denoted as Py = 
0.6, with its complement being similarly defined (j.e., Pptde = 1). 
From the above data, the probability that A's system will win is the 
following: 


Pa a 


Ya 
One rag 


0. 6X5 
WeOA5 + O65 


But A's winning chances can be enhanced as his rate of fire and/or kill 


probability (Py) increases. From the equation (15), 


iF 1] (43) 


=r —_ 
BPB ~ TaPa “p(A) 
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The following graphs represent the various cases. 
CASE 1: Pe = Me 
PB 
1.0 P(A)=0.2 
: P(A)=0.5 
0.5 P(A)=0.7 
Os, ee) Pp 
Figure 4. The Relationship of Pr and Ps When ies Se 
CASE 2: Pm 2r, 
Pp P(A)=0.2 P(A)=0.3 
i / P(A)=0-5 
jae P(A)=0.7 
P(A) = 0.9 
0.5 a 
ORS Ae Pa 
Figure 5. The Relationship of Pa and Ps When De = 2r, 


on 





[Pp eA Soirace.of fire (rq) is increased (ry = 2ra), the contour are 


rotated count clockwise around the origin. 


Oe Jars 
BASE 3: ToPp = TaPa LBA) ig, 
_ P(A)=0.3 
MpPa P(A)=0. 
Le 
C35 





0.9 120 


"PB 


Figure 6. The Relationship of PaPa and MpPp 


From Figure 6, A's winning chances (p(A)) are enhanced as his rate of 


fire (r,) and/or kill probability (p,) increases. 


pmeeeime CLASSICAL DUEL 

In the classical duel, two duellists, A and B, start with loaded 
weapons, fire their first rounds simultaneously, and then proceed as in 
the fundamental duel. Each time A fires, he has a fixed probability 
Py = 0.6 of killing B. Similarly denoted as Pp = Uae on killing A. As 
firing time is 5 rounds per minutes and B's firing time is also 5 rounds 


per minute. 


eZ 


Therefore, P(A) can be expressed: P(A) = PaQp rt Gap (PCA) ) by the 
equation (16) where P (A) is the result of the fundamental duei. By the 


equation (21), 


Padg (Pgrg * Ta) 
Bat aia 


P(A) 


0.6X0.4 (0.6X5 + 5) 


OFeK5et 0-615 
= 0.32 
Similarly, 
P(B) = 0.32 


and the probability that both are killed on the first round: 


ECeepe— 1 = P(A) = P(8)) ‘or PCAB) = PrPp 


MN 
© 
es) 
oO 


where P(AB) is the probability that both are killed in the first round. 
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C. AN EXTENSION TO MULTIPLE FIRES 

First, we will consider fundamenta! duel case when firing time is 
discrete. In a discrete firing time, two auellists, A and B, start with 
unlimited ammunition, fire at each other with fixed kill probabilities 
Pa = 0.6 of killing B. Similarly denoted as Pp = 0.6 of killing A. 
They start with unloaded weapons and fire at fixed interval a and b 


respectively. Let's consider a various case of é@ and b. 





l.a=be=1 
From the equation (23) 7 =], n=1, r=0 
therefore, 
n a 
A's total success = PaSp J 0B ixX. | 
PC oon the jth round oe . _  B @ ; | Sa 4g J 
( Sp 9p om 
j=0 

PB = 0.285 
10 aa 

P(A)=0.1 
ORS eee 

“ P(A)=0.3 
aa (A) 
OF 
— P(A)=0.5 

0.4 an 

P(A)=0.7 
0.2 

P(A)=0.9 

Pa 
rz 0.4 Os 0.8 AG, 


Figure 7. The Relationship Between Pa and Pp When a = D 





2. a=10, b= 5 


rear ae Senay 


From the equation (23) 


similarly, 


a0) 


0.8 


0.6 


0.4 


0.2 


Figure 8. 


P A's total success 


on the jth round ]= 0.1 


= 


0.2 0.4 0.6 0.8 1.0 PA 


The Relationship Between Pa and Pp When a = 2b 


oe 


I 
Pf A's total success 


Similarly, on the jth rounds 


] = 0.743 


P(A)=0. 


Pp 

ile 
0.8 
0.6 
0.4 
0.2 


(A)=0.1 
Pp 
Deed 086. 0 9 1,0 


Figure 9. The Relationship Between Pp and Pp When a = *h 


Secondly, we will consider multiple-duel when firing time is dis- 
crete. In this duel, there are two combatants on the A's side and cre 
combatant on the B's side as in Figure l. A {A,, Ao) has a fixed 
probability Py = 0.6 of killing B. Similarly denoted is Pp = A Btoomeel 8 
killing A. From the mentioned data, we can get the probability that A's 


system will win. From the equations (32 and (33), 
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fan We 
Pree + G.D, - 9, 95D 
P {[ The side "A" win J Seal Sa 


ae, ee” 
(1 - Qadg) (1 - Ga Gp) 

= 0.93 

and 


Pa da 


Paeihe side "BRB" wins | oT 
Ce dn Qp) Gi.= a qp) 


3.026 


Similarly, from the equation (38) 


r Uraw of both 


7 sides (AB) Ve) Oe 


therefore PCA) wees) + PCAB) = 1 


Finally we wili consider multiple-duel when firing time is continu- 
ous. A's firing time is 3 random variable with a known probability 
density, F(t). The time between rounds fired is random variable having 
exponentiai distribution witn rN 5 round per minute for "A", rp = 5 
rounds per minute for "B". The kill probability of "A" sides is Pa = O26. 
and Pp = 0.6. Therefore, from equations (41) and (42) we can get P(A) 


and P(B): 


oy 


P(A) Po ai Pe < Pa ; Po 


(Ay) (Csdg) (shy) (srg) 
7 a Ey ee 2 
(Ay + 2A,) > (Ag + thy) (Ay + 24g) Cer, + Ag) 


eee ee 


and similarly, 


Ao) = 


{ 
“Oo 
to 
+ 
mw) 
nN 
“OU 
<)) 
+ 
“~U 
~ 
“Oo 
ie) 


= 202cg 


aPa and Ap = raPp 


> 
tt 


where r 
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V. SUGGESTED FUTURE WORK 


Models investigated in this paper include simple stechastic models 
and a multiple duel model using the theory of continuous-time Markov 
chains. The standard case was unlimited time, unlimited ammunition, and 
a fixed kill probability. Models in which both time and ammunition are 
limited would be desirable. Numerous extensions ana modifications of 


the fundamental-duel can be further studied as follows [Ref. 412: 


CASE 1: QOne-Versus-One 


(1) Variable Kill Probability - Pa and Pp are special functiors of time 


and round dependent ki]! probebility. 
(2) Duel with initial suprise - random initial suprise 
(3) Fixed ammunition supply, etc. 


CASE 2: Two-Versus-Two 


(1) Several multiple: 


<8 he  e 


A 
™ and 


| 
A— —B -_— -2| 


where A and 8 are contestants. 


(2) Round dependent kill probability, connection with Lanchester's 
models. 


ag 





However, these suggested models with more than two contestants may be 
limited to simple situations because the uncoupling principle which is 
used to solve tne fundamental-duel 1s no longer applicable. 
Consequently, we must consider each event as it occurs, as well as 
all the pessible interactions and conditional events that may occur 


subsequently. 
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VI. FINAL REMARKS 


Simple stochastic models for the fundamental-duel and the classical- 
duel have been reviewed and analyzed by the graphical methods. For the 
extension to multiple-duels two situations have been considered: 1) 
discrete firing times, and 2) continuous firing times. When the firing 
time is discrete, we are able to examine some duels in which strong 
interactions occur by limiting our consideration to those situations in 
which the time between rounds is constant. When the firing time is 
continuous random variables, an expression for the probability of 
winning such a duel is derived by using the theory of continuous-time 
Markov chains. Numerical examples for each model are presented. Still 


there is much work 1@ft to be done in the future. 
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